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ON UNIVERSAL LOCALLY FINITE GROUPS

BY
RAMI GROSSBERG AND SAHARON SHELAH’

ABSTRACT

We deal with the question of existence of a universal object in the category of
universal locally finite groups; the answer is negative for many uncountable
cardinalities; for example, for 2%, and assuming G.C.H. for every cardinal
whose cofinality is > N,. However. if A >« when « is strongly compact and
¢f A = N,. then there exists a universal locally finite group of cardinality A. The
idea is to use the failure of the amalgamation property in a strong sense. We
shall also prove the failure of the amalgamation property for universal ocally
finite groups by transferring the kind of failure of the amalgamation property
from LF into ULF.

1. Introduction

Universal locally finite groups were introduced by P. Hall [3], but we shall
refer to the presentation of this subject in the book of O. Kegel and B. Wehrfritz
[4]. The three basic facts on universal locally finite groups (u.l.f.) are:

Fact A (Theorem 6.4in[4]). Up to isomorphism there is a unique countable
u.Lf. group.

Fact B (Theorem 6.1 in [4]). Every u.Lf. group is universal with respect to
countable locally finite groups (i.e., given G which is u.L.f., then for every locally
finite countable group H there exists a group monomorphism f: H— G).

Fact C (Theorem 6.5 in [4]). Every locally finite group can be extended to a
u.L.f. group.

In this context the following questions were asked in [4]:
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QuesTiON VI.1. Are any two u.lf. groups of the same uncountable cardinal-
ity isomorphic?

QuestioN VI.3.. Does every u.l.f uncountable group G contain an isomor-
phic copy of every locally finite group H such that |H|=|G|?

Or, in other words: Are the generalizations of Facts A and B true for every
uncountable cardinality?

A. Macintyre and S. Shelah [S] answered Question VI.1 by proving that for
every uncountable cardinal A there are 2* pairwise non-isomorphic u.lf. groups
each of cardinality A.

They also answered Question VI.3 by constructing a locally finite group H of
cardinali-ty N, such that for every k Z N, there exists a u.Lf. group G of power «
such that H is not embeddable into G. Let us introduce here some definitions
and notation.

DeriNiTION 1. (1) LF ={G : G is a group and every subgroup generated by a
finite subset is finite}.
(2) ULF ={G € LF: G satisfies (a) and (b) below}.
(a) For every finite group H, there exists a monomorphism h : H — G.
(b) For every H\, H, finite subgroups of G, if f : H, = H, then there exists
an element g € G such that x — x* induces f.

DEerINITION 2. Let € be a category whose objects are sets (i.e. we can speak
about the cardinality of an object).

(1) Let & be a cardinal number, then €, ={G €€ :|G|=pu} and €., =
{GeC:|G|=pu}.

(2) G €€ is p-universal if for every H € €, there exists a monomorphism
of &) f:H->G.

(3) Let A be an infinite cardinal number. € has the A amalgamation property
(A-AP.) if for every G, €€, for 1=0,1,2 such that there are G-
monomorphisms f, : Go— G, for | =1,2, there exists G €€, and monomor-
phisms g : G,— G for [ =1,2 such that (f,° g,)| Go = (f>° g:)| Go, or, in other
words, the diagram

G,
7]
Go—‘f—" G,

can be completed to a commutative diagram in €.
By Fact B every countable u.l.f. group is Nc-universal, so in the category LF,, a
universal object exists, and moreover every u.l.f. group is universal. This can be
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understood as a generalization of the fact that S, (=the general symmetric
group of n-elements) is universal for the category of finite groups of cardinality
=n.

So you may ask: “Is the parallel generalization for uncountable cardinalities
true”’? For example, does there exist a universal object in LF,,? Remember that
Macintyre and Shelah proved a weaker result: they proved that contrary to the
situation for countable groups, not every uncountable u.1.f. group is a universal
object for LF, but still, by this result, it is possible for example that there exists
G € ULF,, and all the 2™ non-isomorphic u.l.f. groups isomorphic to subgroups
of G. We shall prove here that this situation is impossible.

THEOREM 3. For every uncountable cardinal A which satisfies

(1) A =A%
or

(2) there exists a cardinal wp such that A <pu =A™ and 2* <2*, there is no
universal object in ULF,.

CoOROLLARY 4. There is no universal object in ULF»,, and if 2% <2 then
also there is no universal object in ULF,,.

Proor oF THE COROLLARY. The first half follows from Theorem 3 using (1),
since (2"0)o = 2%oo = Mo,

The second half follows by taking 1 = N, and A = N,. Now since 2" < 2" and
N, <2% (otherwise we can apply part (1)), No<2" =Nfe, so we can apply
Theorem 3.

CoroLLARY. Assuming G.C.H., for every uncountable cardinal A with un-
countable cofinality, there is no universal object in ULF,.

Proor. Use Theorem 3(1). A = A™ follows from G.C.H. and the hypothesis
on A.
So under G.C.H. we have

OpeN PROBLEM A.  Let A be uncountable cardinal of cofinality w. Does there
exist a universal object in ULF, ? In particular, what is the answer for A =2,?

Under the impression of the last corollary the reader may guess that the
~nswer to Problem A may be positive.

THEOREM. If k is a compact cardinal (= the logic L, is compact), and A > «,
strong limit of cofinality w, then there exists a universal object in ULF,.
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The last theorem will be proved in section 5 where a more general theorem is
presented. In the context of Corollary 4 it is interesting to mention

OreN ProeLEM B. s the following statement consistent with ZFC: “there
exists a universal object in ULF,,”?

Clearly if such a model exists, then by Corollary 4, 2" = 2" must hold. In
section 4 we shall answer a weaker question.

In section 2 the proof of Theorem 3 is divided into a sequence of lemmas and
claims; we shall get more information during the proof. Also we shall reprove
the Macintyre-Shelah result: Assuming 2 < 2" there are 2™ non-isomorphic
groups in ULF,,.

The last theorem in section 2 is complementary to Corollary 4 in the sense that
it presents a model of ZFC where 2" = 2" but there is no universal object in
ULF,,; so 2% < 2™ is not a necessary assumption to conclude the non-existence
of a universal object in ULF,,.

The “reason” for the non-existence of a universal object in ULF, is the failure
of a strong form of the x-A.P. in LF, for every k < A. Section 3 is dedicated to
the construction of a natural mapping from LF into ULF which shows that all
counterexamples to the amalgamation properties in LF can be transferred into
ULF.

In section 4 we prove a general theorem for categories of sets (not necessarily
L. groups or groups at all) assuming 2" < 2" which together with the result of
section 3 gives a new proof to the fact that there is no universal object in ULFy,
and that there are 2™ non-isomorphic u.lf. groups of cardinality N,. The
advantage over the earlier proofs in this paper is that now we can answer a
version of Problem B for the general theorem from section 4.

For a general classification theory of classes of models via their amalgamation
properties, the reader is referred to [7], [9], [10] (start by reading [10]). Really,
the general theorems in section 4 follow directly from some theorems in [10]. We
included the work here because we could present it in a way accessible to the
algebraist without any knowledge of logic. In this paper we shall not use that
kind of classification theory. The ideas of section 2 are motivated by some of the
methods of [8] chapter VIII, but we don’t assume the reader is familiar with it.

NotaTion. (1) Notice that {a, b,c,---) will be used in two different ways,
once as a sequence, and again as a subgroup generated by (a, b,c, ).

(2) A will stand for an uncountable set.

(3) LetS(A)={f:A—>A lf is a bijection}, i.e. S(A) is the set of permuta-
tions of the set A.
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(4) A, u, k, x will stand for infinite cardinal numbers. Remember that a
cardinal is an ordinal. a, B, v, i, j stand for ordinals, and please recall that the
ordinal « is also the set of smaller ordinals. n, k, [ stand for natural numbers. w
is the first infinite ordinal and, according to our notation, also the set of natural
numbers. 7, v stand for sequences and n[i] is the i-th element of n; [(n) is the
length of 7, i.e. the domain of n when 7 is viewed as a function, so
n ={nli]:i <Il(n)}. “A is the set of w-sequences (sequences of length w) of
elements from A (i.e. ordinals smaller than A). n < ¥ means: the sequence w is
an initial segment of the sequence v. All groups shall be infinite unless stated
otherwise.

2. Non-existence of universal groups

DEerINITION 5. (1) A permutation f € S(A) is a finite permutation if f moves
at most finitely many elements of A.

(2) fES(A) is almost finite if {x EA :f(x)# x} is at most countable; we
denote this set by Domf. In addition we require that there exists a family
{W}:n<w} of finite subsets of Domf such that Domf=,., W’ and
(Vn<w) [|W}|=|WilAfIW;ES(WR]Aln#k > WiN WE=2].

(3) Let f, g CS(A), f and g are almost disjoint if |Dom f N Dom g | < N,.

(4) Let FCS(A) be a family of almost finite permutations which is also
pairwise almost disjoint (i.e., if f,g €F then f# g > f and g are almost
disjoint). Sg(A, F) is the subgroup of S(A) generated by: (a) the elements of F,
and (b) the finite permutations of A.

(5) Let a be a finite natural number or w; and let n ={n[i]:i <a} be a
sequence without repetitions of elements of A (i.e. 7 is an injection of «a into
A). Denote by f, €S(A) the permutation which satisfies: (i) Domf, =
{n[i]:i <a}, and (i) for every i <a, f, interchanges n[2i] by n[2i +1].

(6) Given n =(n[i]:i < w), a sequence of elements without repetitions from
A, denote n~ =(q[1+i]:i < ).

REMARKs. (1) Please be careful: notice the difference between Dom f and the
usual notation Dom f (= domain of the function f).
(2) Sg(A) is just Sg(A,D), i.e., all the finite permutations of the set A.

THEOREM 6. Let A and F be as in Definition 5(4). Then we have:

(1) Sg(A)ELF.

() Sg(A, F)ELF.

(3) Let n be an w-sequence of distinct elements, and denote A =| A |, then the
triple Sg(A), Sg(A, {f. D), Sg(A, {f.-}) exemplify the failure of the A\-A.P. in LF.
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ProoF. (1) Is well known.

(2) By (1), it suffices to prove that given hy,---, h, ESg(A), fi," . fm EF
then K =<(h,,- -, h.,fi," ", fm) is a finite subgroup of Sg(A,F). By the
choice of the h’s and f’s there exists a finite set W C A such that for all k
satisfying 1=k =n, Domh, C W, and for every 1=k, I=m, k#l=>
Dom f, N Dom f; C W. Notice that any finite W' C A which includes W has the
properties of W, so we may increase W. Denote A,=W, and for 1=1=m,
A, =Domf, - W, let An.i=A — U .-, Domf.

Clearly {A.:k =m +1} form a partition of A. Now we shall define an
equivalence relation E on K with finitely many equivalence classes and we shall
prove that if g, 8. € K then g,Eg. = g = g-.

Givez} 2,8 €K for [ =m+1 define g,Eg, iff gi[ A/ = g.[ A.. Finally let
g:Eg, © (VI =m +1)[g.Eg.). Clearly E is an equivalence relation on K. It
suffices to prove that for every | =m +1 there are finitely many equivalence
classes. It is easy, since in A, (for | = 1) there is only one generator f, [ A; (the
restriction of the others to A, is the identity); the order of f; [ A, is the divisor of
(| W3])! So we are done since A, is finite. Now g Eg, = g, = g, since every
g €K satisfies (VI =m +1) [gl A ES(A,)] (remember that we may increase
the set W).

(3) We leave the reader to check that f, is almost finite; combining f,, f, , and
fmoratiy We get N distinct elements, hence {f,, f, , fmio-ii}h generates an infinite
group. Hence the groups cannot be amalgamated by locally finite groups.

CLaM 7. For every infinite cardinal number A, LF, has a universal object iff
ULF, has a universal object.

PrOOF. Let G be a universal object of LF,. By Hall’s theorem (Theorem 6.5
in [4]; readers who are not familiar with it and don’t want to check the reference
can read a generalization of it in the next section — Theorem 18) there exists
G € ULF, containing G as a subgroup. It is easy to verify that G is a universal
object of ULF,. Now assume that ULF, has a universal object G; clearly this
object belongs to LF, (since ULF C LF). Again it is easy to check that the same
object G is universal for LF,. Let H € LF, be given. By the above-mentioned
theorem of Hall there exists H € ULF, containing H as a subgroup. Since G is
universal for ULF, H is embeddable into G and this embedding induces an
embedding of H into G (the restriction of the embedding to H).

The next theorem proves the second half of Theorem 3:

THEOREM 8. If A satisfies: there exists a cardinal p such that A < p =A™ and
2* < 2*# then there is no universal object in LFs,.
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Proor. Choose {nii<u}cea such that i<j<u=>
Range(n,) N Range(n;)| <N, and each 7 is a sequence without repetitions.
Now for S C i and i < u define

[f,,i ifi€s,
8 =
fo ifi€S.

Clearly {g’:i < u} satisfies the demands from F in Definition 5(4), so we can
define Gs = Sg(A,{g’:i <u}). Assume by contradiction that G* €ELF., is a
universal object. For every S C u there should be an embedding hs : Gs — G *.
There are 2* distinct subsets S of p. The number of different embeddings of
Sg(A) into G* is at most |G* [ = y* =(2*)* =2* Combining the last two
sentences we have S,, S, C u such that S, # S, and hs, | Sg(A) = hs, [ Sg(A). This
is a contradiction: We may assume that there exists i €S, S; so

Sg(A, {fa}) 5 G*
inC.T B Ths'z
Sg(A) ——> Sg(h. {f, D
contradicts Theorem 5(3).

ConcLUsION 9. Assuming 2" < 2" npeither LF., nor ULF,., has universal
members.

PROOF. Substitute A =N, and u =N, in Theorem 8 and use Claim 6.

Now using the method of proof from Theorem 8 we can reprove a result of
Macintyre and Shelah [5]. The advantage of our proof is its simplicity, but it has
a disadvantage of relying on a weak continuum hypothesis; the result in [5] is
proved in ZFC alone.

THEOREM 10. Assume A satisfies: there exists a cardinal number u such that
A<p =A" and 2" <2*; then in ULF, there are 2* non-isomorphic groups.

Proor. For every S Cu construct Gs €ELF, exactly as in the proof of
Theorem 8. Assume by contradiction that the number of isomorphism types of
elements of ULF,, is y <2*, since 2* <2*; choose k = Max{y, 2"}, we know that
k <2* Forevery S C u let Gs € ULF,, containing G; (exists by Hall’s theorem
— Theorem 6.4 {4] or next section, Theorem 18). Since « = x there exists
{G: :i <k} CULF, such that for every S C u there exists i(S)< « such that
Gs = Gys). By the pigeonhole principle for regular cardinals (k * is regular and
k" =2*) there exists {S; C p : i < '} of cardinality x* such that

i<k*>fi:Gs,=Gs, and S#S; fori#j<k'.
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Now the number of mappings of Sg(A ) into Gy, is u* = (2*)* =2*;since 2* < «k”
there must be i#j<k* such that f[Sg(A)=f,[Sg(A) and f,:Gs — Gs,
f; : Gs, > Gs, and we obtain a contradiction exactly as at the end of the proof of
Theorem 8.

COROLLARY 11. If 2" < 2™ then there are 2" isomorphism types of groups
from ULF,,.

Proor. Easy using Theorem 10.
THEOREM 12. If A satisfies A = A then there is no universal object in LF-,.

ProOF. Let G € LF, be an arbitrary group and we shall construct a group in
LF, which cannot be embeddable into G.

CLamm 13. Let A =“7A. For every n €E“A there exists a function h, whose
domain is K, ={g €Sg(A):Domg C{nln:n <w}} such that

(+) For every h : Sg(A)— G there exists n € “A such that h, C h.

ProoF oF CLAIM 13. Define for every n €A a function A, such that:
(a) h, is an embedding of the permutation group {n [k : k <I(n)} into G.
(b) v<n > h. Ch,.

(¢) If h is an embedding of Sg({n I n : n = [(n)}) which extends h,, then there
exists an a < A such that b = h,q,.

The definition of {h, : n € ““A} is easy by induction on the length of 7. Now
for every branch n €A define h, =, h,,. This is an embedding of
Sg({n In:n <w})into G.

Given h : Sg(A)— G we shall construct now an 7 as required in (+). This is
achieved by defining n by approximations {n, €"A :n <w}:

For n =0 take the empty sequence.

For n = k + 1 by property (c) in the assignments of h., there exists a such that
M)g h so take 1, = M1 = nia). By (b) n = Ui<a 7 is as we wanted.

ReMARK. Notice the similarity between the proof of Claim 13 and [8] VIII
Lemma 2.5 (exactly as the game GI from Definition 2.1).

Back To THE Proor oF CLamM 13. For every increasing n € “A define two
almost disjoint permutations of A :g5, gn by taking g5 = feui<s) and g, =
fin-tti1<wy; NOte that (n11:1<w) is a sequence of elements of A(= “>)X). By
Theorem 5(3), Sg(A, {g%}) and Sg(A,{g}}) are extensions of Sg(A ) which cannot
be amalgamated in LF. Moreover, it is impossible to extend h,, (from Claim 13)
to two embeddings of Sg(K,,{g"}) (for I =1,0) into G. Hence there exists an
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I, €{0, 1} (depending on n) such that h, cannot be extended to an embedding of
Sg(K..{g:}) into G. Define, for every n€“A, g, =g Now let G*=
Sg(“”A,{g. : 7 €“A}); by Theorem 5(2) G* ELF. Clearly |G*|= A" = A. Now
prove that there is no embedding of G* into G. If h : G*— G is a monomor-
phism, by Claim 13 there exists 7 € “A such that h D h,. Now h [Sg(K,.{g.})
contradicts the choice of g, as gh.

Now we shall prove a theorem which implies that the non-existence of a
universal object in ULF,, is consistent with 2% = 2" The proof follows exactly
[8] VIII Theorem 1.9.

THEOREM 14.  Suppose there is a universal object in LF<, and Ry <A =2".
Then there is a family F of subsets of A, each of cardinality A, A# BEF =
A N B is finite, and the family has cardinality 2™.

Proor. By Giorgetta and Shelah [2] Proposition 5.1 there is a locally finite
group G, and {x, : 7 €“2}C G such that:

® The power of the subgroup generated by {x,,x.} (n# v €“2)is g[h(n, v)},
where h is the largest common initial segment, and the sets A, ={g(p):p €"2}
are pairwise disjoint.

Now for any infinite B C w denote by C[B] a subset of {n €“2:(Vn < w)
[n& B — n[n]=0]} of cardinality A, and let G[B]=(x,:n € C[B)). Fix a
family {B, : i <2"} of infinite subsets of @ which are almost disjoint. Let, for
each i <2%, G, = G[B].

To prove our theorem assume that there exists a universal member H of LF,.
Without loss of generality we may assume that the set of elements of H is A. By
universality of H, for every i <2" there exists a monomorphism A, : G, — H. Let
D; ={hi(x,): n € C[B;]}. Clearly {D, :i <2%} is a family of subsets of A; we
want to prove that it is as F in the statement of this theorem. Let i # j < 2" and
assume, for the sake of contradiction, | D, N D, | = N, i.e. there are {n, : [ < w} C
C[Bj], {n:1<w}C C|[B;] such that h(x,)=h;(x,) for all I <w. Let {a <
A 1l < w}besuch that a, = h; (x,,) = h;(x,,) for | < w. By the choice of the family
of B;’s there exists an n = n(i,j)so that BN B, Cn,and sow.l.o.g. 5 [n =17n%,
v [ n = v* for every L. Now evaluate the power of (a,, a,) ( = the subgroup of H
generated by a,, a,):

|<al, anu l = l(h. (x,,,), h; (xnz))H ] = vam xvn)(i,-
= (X, Xu)o | = g(h(m, m2)) € U{A, : k €B,, k = n}.
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Similarly |{a., a\)» | € U{A, : k € B;, k = n}. But this contradicts the assump-
tion that the A,’s are pairwise disjoint and B; N B; C n.

ConNcLusioN 15. There exists a model of ZFC + 2" = 2% in which there is no
universal object in LF,,.

Proor. Baumgartner [1] constructed a model of ZFC + 2% = 2" where there
is no family of subsets of w, as F in the statement of Theorem 14.

3. The amalgamation property fails in ULF

We shall prove the statement in the title in two different ways. The first is
intended for logicians who don’t want to learn any group theory but are ready to
believe in Fact C. The first way has another advantage (from our point of view),
namely, to convince the algebraist that forcing is an important technique not
only to obtain independence results. The second proof is for the algebraist who
refuses to study any logic and, philosophically, is less complicated (i.e., we do not
change the universe).

By Theorem 12 the following two lemmas will imply what we want:

LEMMA 16. Assume 2* = A'. If ULF satisfies the amalgamation property
then there exists a universal object in ULF,..

LemMMA 17. If VEZFC+2* > A~ then there exists a forcing notion P such that
VP 2" =" and does not add new subsets of A.

ProoF oF LEMMA 16. This was originally proved by B. Jonsson. Using
2 =A" and the A-A.P. construct a model homogeneous group (which is
universal) and use the Joint Mapping Property (J.M.P.) — possible by taking a
direct product and applying Fact C. For more details see §2 in [10].

ProOFOF LEMMA 17. Let P ={f:(Ja <A")[f: a —*2]}. Clearly P collapses
2" to A” and is A "-complete, so does not add new subsets of A.

Now to the algebraic argument. First quote from [4]:
DerintTioN 18, (1) Let G be a group.

S(G)={o €S(G): 3H, a finite subgroup of G such that
|(Vx € G) [(xH.)’ = xH,]}.

(2) The mapping ps : G — S(G) stands for the regular representation of G in
S(G) by right multiplication.
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Facr D (Lemma 6.3 in [4]). (1) If G €LF then S(G)€E LFg.
(2) If K, K* are finite isomorphic subgroups of G then K* and K*® are
conjugate in S(G) (we take p = pg).

It is easy to verify that it suffices to prove

THEOREM 19. Given G, H € LF and a monomorphism f : G — H then there
exists F(G), F(H)€ ULF and a monomorphism F(f): F(G)— G(H) such that
the following diagram commutes:

F(G) ———— F(H)

F(f)
inc. [ I inc.

G — H
and we have that |F(G)|=|G]|.

ProoF. We shall construct the three required objects as a direct limit of
w-sequences of triples as follows:

For every n<w define V., U, f,:V,—U, and py, :V,—> V..,
pu, : U, = U, such that the following diagram commutes:

Vn+1 I — Un+l

fasi
Pv, I 1 Pu,

Vn e — Un

n

When all mappings are monomorphisms and K, K* are finite isomorphic
subgroups of U, (V.) then their images under regular right translation are
conjugate in U,,, (V.+1).

If we take Vo= G, Us=H, fo=f and succeed in defining the above, then
F(G)= lin,@ V., F(H)= li_n)1,|<m U. and F(f)= liir)l,‘«,,f,‘ will be as required in
the statement of the theorem. So we want to define the above triples by
induction on n < w. For a successor stage we use the following lemma which was
proved by Simon Thomas and we thank him for letting us use it here.

LEMMA 20. Let V, U and f be as above, then there exists a monomorphism
h :S(V)— S(U) such that the following diagram commutes :

S(V)———— SU)

V. —— U
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Proor. Let I be a fixed left coset representative of f[V]in U (f[V] is a
subgroup of U since f is an embedding). So U = U{xf(u): x €I, v € V}. Now
in order to define g = h(o’) for each permutation o € S(V) we want to define a
permutation g of S(U) by xf(v)» xf(v”). If is easy to check that h is as
required.

Now back to the proof of Theorem 19: Let {K, : @ <|V, |} be an enumeration
of all finite subgroups of V, and define a function g :|V, | x|V, |— S(V,) by

if K, = K; then g(a, B) conjugates K,, K, in S(V,),
gla,B) =
identity of S(V,), otherwise.

Let V., ={Vi=Ug[|V.|x|V.[]}. Similarly define U,.; and f,., to be a
restriction of the function h : S(V, )~ S(U,) from Lemma 20. By repeating the
proofs it is easy to prove

THeOREM 21. LF and ULF have the same non-amalgamation numbers.
In the context of Theorem 19 we can ask

OreN ProBLEM C. Construct a functor F: LF— ULF.

4. Nice categories

The category of countable universal locally finite groups has the following
properties:

(1) It has a unique (up to isomorphism) countable object. This is Fact A in
section 1.

(2) Every object has a proper extension. Multiply it by Sg(w) and apply Hall’s
theorem, or Theorem 18.

(3) The amalgamation property fails (section 3).

(4) Closed under direct limits of length = w,.

The last four properties are the motivation for the following:

DEerINITION 22, Let € be a category of sets. € is a A-nice category provided:
(1) €, has a unique object up to isomorphism.
2) (VM €@,) (AN€G,) and a monomorphism f:M— N such that
f(M)Z N.
(3) The A-A.P. fails in G.
(4) € is closed under direct limits of length =A".
So the above observations imply that ULF,, is an N,-nice category.
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Now we have two nice properties of nice categorics which follow from [10]
section 3 (based on the method of [9]).

THEOREM 23. Assume 2* <2"'. If € is a A-nice category then C does not
have a universal object of cardinality A".

THEOREM 24. Assume 2* <2*. If C is a A-nice category then C has 2’
non-isomorphic objects of cardinality A".

So for A = N, the last two theorems provide an aiternative proof to Corollary 4
(second part) and Corollary 11, respectively.

This is interesting in view of the open problem from the first section. since
Saharon Shelah proved

THEOREM 25 (Shelah {10]). Assume 2*>N, and MA. There exists an
No-nice category whose objects are models of a finite similarity type so that there
exists a unique object up to isomorphism in Cy..

So Theorem 25 shows that both the statements of Theorems 23 and 24 are
independent of ZFC.

S. A universal object may exist

We shall prove a more general theorem than that stated in the Introduction
(not only for locally finite groups).

Let us assume in this section that « is a compact cardinal and A > k strong
limit of cofinality N,. I.et L be a fixed similarity type of cardinality = «.

THEOREM 26. Let C be the class of all L.-models of a fixed L, sentence. There
exists {M, 1 i <2} CC, such that for every M € G, there exists i <2* and an L.,
embedding f - M — M,.

Proor. Let {T, :i <2*} be the cnumeration of all L, theories. It is cnough
to construct M, (i <2*) such that every ME{NE(,:NET}is L.. embed-
dable into M,, so we are given a fixed T (L., theory) and want to construct My
as above.

Fix an increasing sequence of cardinals {u, : n < w} satisfying po = &, . =
w7, converging to A (exists by the choice of A). Now to construct M,, define
{M,:n <w} (Vn<o)|M,|= s, M.<. _M,,, and finally take M, =
U, M,. By induction on n < w, n =0, let D be the union of the L. . complete
diagrams of all models of cardinality u, by taking for distinct models disjoint sets
of constants. D has cardinality 2%, but since distinct diagrams are disjoint the
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assumption that « is compact is sufficient to conclude existence of a model M, of
cardinality u, so that all models from {M € ¢, : M = T} are embeddable into
M., n > 0. Take M, ., so that it realizes all types in u,.; variables and parameters
from M, which are «-satisfiable in M, (every subset of cardinality y <« is
realized); M, ., exists by compactness of the cardinal k. Now we want to show
that M;r is universal for all models from ¢, whose L., theory is T. Let
Ne{Ne(,:NT}; by the Skolem Lowenheim theorem choose
{N, €C,._:n < w}such that N, <, N and N = U, N,. Using the definition
of {M, :n <w} it is easy to construct by induction on n < w L, .-elementary
embeddings A, : N, = M, such that h, C h,.,. Now h = U, <. h. is the required
L, .-elementary embedding.

CoroLLARY 27. Let C be as in the previous theorem, and assume in addition
that €, has the J.M.P. for 2~ (i.e. given {M,:i <2}C €, there exists M €,
such that (Vi <2") M, is L., embeddable into M ). Then C, has a universal object.

ProoF. Apply the J.M.P. for 2 on the result of Theorem 26.
CoroLLARY 28. ULF, has a universal object.

Proor. ULF clearly satisfies the assumption of Theorem 26 since it is
definable by an L, . sentence. It has the JM.P. for 2* by taking the direct
product (with finite support) and applying Hall’s theorem (Fact C).
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